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1.  Introduction 

A  strictly  stationary  process  {aq}  (  —  °c  <  t  <  oc)  is  one  whose  distributions 
remain  the  same  as  time  passes;  that  is,  the  multivariate  distribution  of  the 
random  variables  xtl+h,  xt,+h,  •  •  •  ,  aq„+>4  is  independent  of  h.  Here  t\,  1 2,  •  •  •  ,  t„  is 
any  finite  set  of  parameter  values.  Throughout  this  paper  we  shall  assume  that 
the  expectation  E\xt\  is  finite,  Ext  =  0  and  lim/,-*o  E\xt+h  —  xt\  =  0.  Strictly 
stationary  processes  satisfying  these  additional  conditions  will  be  called  shortly 
stationary.  Moreover,  random  variables  which  are  equal  with  probability  1  will 
be  treated  here  as  identical. 

Let  [a',]  denote  the  linear  space  spanned  by  all  random  variables 
xt  (  —  oo  <  t  <  oc)  and  closed  with  respect  to  the  mean  convergence.  Of  course, 
[aq]  becomes  a  Banach  space  under  the  norm  ||a||  =  E\x\.  Moreover, 

(1.1)  Ha'll  <  ||a  +  y ||  if  x  and  y  are  independent 

(see  [8],  p.  263).  It  is  well  known  that  to  each  stationary  process  {aq}  there 
corresponds  a  unique  one-parameter  strongly  continuous  group  { Tt )  of  linear 
operators  in  [aq]  preserving  the  probability  distribution  and  such  that  xt  =  Ttx0 
(see  [1],  chapter  XI,  section  1).  Conversely,  each  such  group  { Tt }  in  conjunction 
with  a  random  variable  y  with  Ey  =  0  defines  a  stationary  process  xt  =  Tty. 

Let  [aq:  t  <  a ]  be  the  subspace  of  [aq]  spanned  by  all  random  variables  xt 
with  t  <  a.  We  say  that  a  stationary  process  {.r(}  admits  a  'prediction,  if  there 
exists  a  linear  operator  A0  from  [aq]  onto  [.r<:  t  <  0]  such  that 

(i)  A0x  =  x  whenever  x  e  [.t<:  t  <  0], 

(ii)  if  for  every  y  e  [aq:  t  <  0]  the  random  variables  x  and  y  are  independent, 
then  A0x  =  0, 

(iii)  for  every  x  e  [aq]  and  y  G  [aq:  t  <  0]  the  random  variables  x  —  A 0.r 
and  y  are  independent. 

The  random  variable  A$x  can  be  regarded  as  a  linear  prediction  of  x  based 
on  the  full  past  of  the  process  {aq}  up  to  time  t  =  0.  An  optimality  criterion  is 
given  by  (iii).  In  what  follows  the  operator  A0  will  be  called  a  predictor  based  on 
the  past  of  the  process  up  to  time  t  =  0.  The  conditions  (i),  (ii),  and  (iii)  deter¬ 
mine  the  predictor  A0  uniquely. 
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It  should  be  noted  that  Gaussian  stationary  processes  with  zero  mean  always 
admit  a  prediction.  This  follows  from  the  fact  that  in  this  case  the  concepts  of 
independence  and  orthogonality  are  equivalent,  and  moreover,  the  square-mean 
convergence  and  the  mean  convergence  are  equivalent.  Therefore,  the  predictor 
A0  is  simply  the  best  linear  least  squares  predictor,  that  is  the  orthogonal 
projector  from  [xj  onto  [ xt :  t  <  0]  (see  [1],  chapter  XII,  section  5).  Since  our 
stationary  processes  need  not  have  a  finite  variance,  the  problem  of  prediction 
discussed  in  this  paper  is  not  contained  in  the  Wiener-Kolmogorov  theory  of  the 
best  linear  least  squares  prediction  for  wide  sense  stationary  processes.  Moreover, 
the  Hilbert  space  method  will  be  replaced  here  by  a  Banach  space  method. 

Let  {xt}  be  a  stationary  process  admitting  a  prediction.  The  predictor  A0  and 
the  shift  Ta  induced  by  {:r*}  determine  the  predictor  Aa  based  on  the  full  past  of 
the  process  up  to  time  t  =  a.  Namely,  setting 

(1.2)  Aa  =  TaA0T-a 

and  taking  into  account  that  Tt  preserves  the  probability  distribution,  and 
consequently,  the  independence,  we  obtain  a  linear  operator  from  [.*•/]  onto 
[a’*:  t  <  a]  satisfying  the  following  conditions: 

(1.3)  Aax  =  x  whenever  a;  E  [a-,:  t  <  a]; 

(1.4)  if  for  every  y  E  [xt:  t  <  a]  the  random  variables  x  and  y  are  inde¬ 
pendent,  then  Aax  =  0; 

(1.5)  for  every  y  E  [xt:  t  <  a]  and  x  E  [.r<]  the  random  variables  x  —  Aax 
and  y  are  independent. 

A  stationary  process  {a:t}  admitting  a  prediction  is  called  deterministic,  if 
A0x  =  x  for  every  x  E  [a:<].  Further,  a  stationary  process  {xt}  admitting  a  pre¬ 
diction  is  called  completely  nondeterministic,  if  lim^_*>  A  tx  =  0  for  every 
x  E  [xt]. 

The  aim  of  this  paper  is  to  prove  that  any  stationary  process  admitting  a 
prediction  can  be  decomposed  into  a  deterministic  component  and  a  completely 
nondeterministic  one.  Moreover,  we  shall  give  a  representation  of  completely 
nondeterministic  processes  by  integrals  with  respect  to  a  stochastic  measure. 
These  theorems  are  an  analogue  of  the  well-known  Wold’s  decomposition  and 
representation  theorems  in  the  linear  least  squares  prediction  theory  (see  [1], 
chapter  XII,  and  [4]).  Related  problems  for  stationary  sequences  were  con¬ 
sidered  in  [17]. 

It  should  be  noted  that,  for  a  given  x  E  [, xt ],  the  prediction  Aax  furnishes  the 
best  approximation  of  x  in  the  norm  [|  ||  by  elements  from  the  subspace 

[xt'.t  <  a].  This  fact  is  a  simple  consequence  of  (1.1)  and  (1.5). 

We  begin  by  proving  some  lemmas  from  which  we  deduce  the  decomposition 
theorem. 

Lemma  1.1.  For  a  <  b,  the  predictors  satisfy  the  equation  Aa  —  AaAb  =  A  hA  „ . 
Proof.  Since  Aax  E  [xt:  t  <  b]  for  every  x  E  [rr<],  we  have,  by  (1.3),  the 
relation  AhAax  =  Aax.  Further,  by  (1.5),  for  every  x  E  [.r<]  and  y  e  [.r<:  t  <  a], 
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the  random  variables  x  —  Abx  and  y  are  independent.  Hence,  by  (1.4),  Aax  — 
AaAbx  =  0,  which  completes  the  proof. 

For  any  bounded  semiclosed  interval  (a,  b],  we  put 

(1.0)  A  ((a,  6])  =  Ab  —  A a. 

Moreover,  we  put  A  ((—<»,  b])  =  Ab. 

Lemma  1.2.  For  every  pair  J\,  J2  of  intervals,  the  equation 

(1.7)  A{Jf)A{Jf)  =A(J1nJ-i) 

holds.  Moreover,  for  any  system  Ih  /•_>,  •  •  •  ,  7n  of  disjoint  intervals  and  yh  ?/2,  •  •  •  , 
yn  £  [x<],  the  random  variables  A {I\)y\,  A(72)?/2,  •  •  •  ,  A(Iv)yn  are  independent. 

Proof.  Formula  (1.7)  is  a  simple  consequence  of  lemma  1.1.  Suppose  that 
Ij  =  (cry,  bj ]  where 

(1.8)  —  oo  <  <  6i  <  a2  <  b2  <  •  •  •  <  an  <  bn. 

For  every  system  th  U,  •  •  •  ,  tn  of  real  numbers  we  put  zk  —  X;  =  a-+i  tjA  {I j)yn 
(k  =  1,  2,  •  •  •  ,  n  —  1).  From  (1.8)  and  lemma  1.1,  we  get  the  formula  Abkzk  =  0. 
Since  A(h)yk  e  [.rf:  t  <  &*],  we  infer,  by  (1.5),  that  the  random  variables  Zu 
and  A(Ik)yk  are  independent.  Consequently, 

(1.9)  E  exp  (i  X  tjA  (I  f)yj\  =  E  exp  ( itkA{Ik)yk)E  exp  (i  X  tjA(Ij)yj  \ 

\  i-k  /  \  j-k+1  / 

Hence,  by  induction,  Ave  get  the  equation 

(1.10)  E  exp  (it  tjA  (Ij)yj)  =  TL  E  exp  ( itjA(Ij)yj ). 

\  j-l  /  i= 1 

Thus,  the  multivariate  characteristic  function  of  the  random  variables  A(If)y\ 
A(72)y2,  •  •  •  ,  A(I„)y„  is  equal  to  the  product  of  their  characteristic  functions 
Hence,  avc  get  the  independence  of  these  random  variables  AA'hich  completes  the 
proof. 

Lemma  1.3.  There  exists  a  linear  operator  A-*,  on  [.r<]  commuting  with  the 
operations  Tt  such  that  for  every  x  E  [#*],  lim^-*  A  tx  =  A-Xx. 

Proof.  Given  an  element  x  E  [xt]  and  a  sequence  to  >  t\  >  t»  >  •  •  •  tending 
to  —  oc ,  Ave  put  Ij  =  (L-i,  tj]  and  Zj  =  A(Ij)x,  (j  =  1,  2,  •  •  •)•  By  lemma  1.2. 
the  random  variables  zif  z->,  •  •  •  ,  zn  and  At„x  are  independent.  Since  Atox  = 
Hj-iZj  +  Atnx,  and,  consequently,  by  (1.1),  ||X"-i2>ll  <  ||A<0x||,  (n  =  1,2,  •  •  •), 
the  series  XI 7=  i  zi  converges  in  [x,]  (see  [1],  p.  338).  Hence,  it  folloA\Ts  that 
lim^oo  Atnx  =  A-Xx  exists.  It  is  clear  that  A_w  is  a  linear  operator.  Further, 
from  (1.2)  aa'c  get  the  formula  TtAa  =  At+aTt  Avhich  implies  TtA-x  =  A^xTt. 
The  lemma  is  thus  proved. 

We  say  that  two  processes  { x't }  and  {a;,"}  are  independent,  if  the  random 
variables  y'  and  y"  are  independent  whenever  y'  e  [xf]  and  y"  E  [x"]. 

Noav  we  shall  prove  the  decomposition  theorem. 

Theorem  1.1.  Each  stationary  process  admitting  a  prediction  is  the  sum  of  two 
independent  stationary  processes  admitting  a  prediction,  one  deterministic  and  the 
other  completely  nondeterministic. 
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Proof.  Let  [xt)  be  a  stationary  process  admitting  a  prediction  and  let  A( 
be  its  predictors.  The  limit  operator  A_x  defined  by  lemma  1.2.  satisfies,  in  view 
of  lemma  1.1,  the  equation 

(1.11)  AaA^x  =  A~xAa  =  A_x,  (  —  cc  <  a  <  <x). 

Consequently, 

(1.12)  (1  -  A_x)2 * 4  =  1  - 

where  1  is  the  unit  operator.  Setting  x't  =  A-Xxt  and  x"  =  (1  —  A_x)x0  we  have 
the  formula  xt  =  x[  +  xt".  Moreover, 

[*,']  =  il-fxi],  fx,"]  =  (1  -  A-JiXil 
[xf:  t  <  0]  =  A-X[xt:  t  <  0],  [x," :  t  <  0]  =  (1  —  A_x)[x,:  t  <  0]. 

By  (iii)  and  (1.13),  the  processes  {x't}  and  {x”)  are  independent. 

Further,  Ttx o  =  x't  and  Ttx'0 '  —  x”.  Thus  both  processes  {x[}  and  {x't}  are 
stationary.  It  is  very  easy  to  verify  that  A0,  restricted  to  [x[~\  and  is  a 
predictor  of  {x/}  and  {x't'} ,  respectively.  By  (1.11)  and  (1.13),  A0x  =  x  for  all 
x  E  [xf].  Consequently,  the  process  {x/}  is  deterministic.  If  y  E  [x"],  then^ 
by  (1.11),  (1.12),  and  (1.13),  Aty  =  {A  t  —  A-X)y,  whence  the  relation 
lim(-*_«  Aty  =  0  follows.  Thus  the  process  {x,"}  is  completely  nondeterministic, 
which  completes  the  proof. 

The  next  section  will  be  devoted  to  the  study  of  stochastic  measures  which 
will  be  used  in  the  representation  of  completely  nondeterministic  processes. 

2.  Stochastic  measures 

Throughout  this  section  X  will  denote  an  arbitrary  Banach  space  consisting  of 
random  variables  x  with  zero  mean  and  with  the  norm  ||x||  =  7s|x|. 

An  X-valued  stochastic  measure  M  is  a  function  defined  on  the  ring  R  of  all 
bounded  Borel  subsets  of  the  real  line,  having  values  in  the  space  X,  and  such 
that  for  disjoint  sets  Eh  E2,  ■  ■  •  ,  En  E  R,  the  random  variables  M(EX),  M{Ei), 

•  •  •  ,  M(En )  are  independent  and  M(UJ°=  i  Ej)  =  XL°°=  i  M (E3)  for  every  sequence 
Ei,  E2,  •  •  •  of  disjoint  sets  in  R  whose  union  is  also  in  R. 

By  (1.1),  for  any  stochastic  measure  M  we  have  the  inequality 

(2.1)  \\M(Ei)\\  <  \\M(E2)\\  if  EiCE* 

Hence,  and  from  general  results  concerning  vector-valued  measures  ([2],  lemma 

4,  p.  320  and  lemma  5,  p.  321),  it  follows  that  to  every  stochastic  measure  M 
there  corresponds  a  nonnegative  Borel  measure  u  on  R  such  that 

(2.2)  n{E)  <  \\M(E)\\,  (Ee  R) 

and 

(2.3)  \\M(E)\\  0  whenever  the  sets  E  are  bounded  in  common  and 

y(E)->  0. 
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We  now  proceed  to  the  definition  of  integration  of  scalar  functions  with  respect 
to  the  stochastic  measure  M.  An  M-null  set  is  a  countable  union  of  subsets  of  sets 
E  e  R  wTith  M  ( E )  =  0.  Of  course,  this  is  the  same  as  a  ju-null  set.  The  term 
M-almost  everywhere  refers  to  the  complement  of  an  M-null  set,  and  is  hence 
synonymous  with  the  term  ^-almost  everywhere.  A  scalar  valued  function  de¬ 
fined  on  the  real  line  is  said  to  be  simple  if  it  is  a  finite  linear  combination  of 
indicators  of  sets  in  R. 

If  /  is  the  simple  function  i  CjXEi}  where  Eh  E2,  •••,£„  eR,  then  the 
integral  of  /  over  a  set  E  e  R  is  defined  by  the  equation 

(2.4)  /  f{u)M(du)  =  ±  CjM {E  p|  E,). 

JE  j=  1 

A  scalar  valued  function  /  is  said  to  be  integrable  over  the  real  line  with  respect 
to  M  if  there  exists  a  sequence  {/„}  of  simple  functions  convergent  to'/,  M-almost 
everywhere  such  that  the  sequence  (Jk,  fn(u)M(du)}  converges  in  the  norm  of 
X  for  each  increasing  sequence  E\  C  E2  C  •  •  •  of  sets  in  R.  The  limit  of  this 
sequence  of  integrals  is  defined  to  be  the  integral  of  /  over  the  set  E  =  U“=i  En 
with  respect  to  M,  in  symbols 

(2.5)  f  f(u)M(du)  =  lim  [  fn{u)M{du). 

This  definition  is  a  slight  modification  of  a  commonly  used  definition  of  inte¬ 
gration  with  respect  to  a  vector  valued  measure  (see  [2],  p.  323)  and  coincides 
with  it  if  £7  €  R.  One  can  prove  that  the  integral  in  question  is  an  unambiguously 
defined  element  of  the  space  X. 

By  L{M)  we  shall  denote  the  space  of  all  real-valued  functions  integrable  over 
the  real  line  with  respect  to  the  stochastic  measure  M.  Obviously,  L(M)  is  a 
linear  space.  In  the  sequel  we  shall  identify  functions  in  L(M)  equal  M-almost 
everywhere.  We  shall  prove  that  L(M )  is  a  Banach  space  under  a  suitably  chosen 
norm. 

Lemma  2.1.  If  fi,f 2,  •  •  •  ,fn  £  L(M)  and  Eh  E2,  •  •  •  ,  En  are  disjoint  Borel 
sets,  then  the  random  variables 

(2.6)  jE  Uu)M(du),  frJt(u)M(du),  ■■■  ,  jp  Uu)M(du) 
are  independent. 

Proof.  For  simple  functions  the  result  is  clear.  In  the  general  case  it  follows 
from  the  convergence  theorem  for  independent  random  variables  and  the  defi¬ 
nition  of  the  integral. 

Lemma  2.2.  If  E0  <=  R,  /  e  L(M)  and  \f(u)\  >  c  >  0  on  E0,  then 
l|M(£„)||  <  ic-'\\jEJ(u)M(du)\\- 

Proof.  Put  M0(E )  =  jEf(u)M(du).  Let  F  be  a  linear  functional  in  X.  De¬ 
noting  by  Vo  and  V  the  variation  of  the  scalar  measures  F{Mo{E))  and  F(M(E)), 
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respectively,  we  have  the  formula  T'o(F’)  —  fE  \f(u)\V(du)  for  every  set  E  G  R 
(see  [2],  p.  114).  Consequently, 

(2.7)  Vo(E0)  >  cV(E0)  >  c\F(M(E0))\. 

Further,  by  lemma  5  in  ([2],  p.  97),  we  have  the  inequality 

(2.8)  r„(7io)  <  4  sup  \F(Mt)(E))\  <  4|IF||  sup  Uh(E)\\. 

K  CFo  '  A'C/'.'o 

Since  by  (2.1)  and  lemma  2.1  sup#c//0  ||ikf0(i£)||  =  ||Afo(Ao)||,  the  inequalities 
(2.7)  and  (2.8)  imply  c\F(M(E0))\  <  4||F||  \\M0(E0)\\  for  all  linear  functionals  F. 
Hence,  we  get  the  inequality 

(2.9)  \\M(E0)\\  =  sup  \F(M(E0))\  <  4c^\\M0(E())\\, 

IIP  I!  =  1 

which  completes  the  proof. 

By  [M]  we  shall  denote  the  subspace  of  A”  spanned  by  all  random  variables 
M(E),  (E  g  R). 

Theorem  2.1.  For  every  stochastic  measure  M  the  equation  [M]  = 

{  f-oo  f(u)M(du):f  G  L{M)}  holds.  Moreover ,  each  element  of  [ M ]  is  uniquely 
representable  as  an  integral  JZ«  f  (u)M(du). 

Proof.  The  inclusion  [ M ]  Z)  {JT«,  / {u)M(du\f  G  L(M)}  is  evident.  To 
prove  the  converse  inclusion  it  suffices  to  show  that  the  linear  manifold 
{/-*  / (u)M(du):f  G  L(M)}  is  closed  in  A\  Suppose  that  /i,/2,  •••  G  L(M) 
and  the  sequence  of  integrals  {jfxfn(u)M(du)}  converges  in  Ar.  By  (1.1)  and 
lemma  2.1,  for  any  Borel  set  E  we  have  the  inequality 

CUO)  ||  jE  (/„(«)  -  /,(«)).W(rf«)j|  <  I/;.  (/.(«)  -  U(u))M(du) |  • 

Denoting  by  /x  the  nonnegative  measure  satisfying  (2.2)  and  (2.3)  and  setting 
Enm(c)  -  {u:\fn(u)  -  fm(u)\  >  c}  for  any  positive  constant  c,  we  have,  by  virtue 
of  lemma  2.2  and  (2.10),  the  inequality 

(2.11)  y.(E  n  <  \\ME  n  £..(c))||  <  Xc-'l/Z  (/.(«)  - 

for  all  E  G  R  and  n,  ?n  =  1,  2,  •  •  •  .  Hence,  it  follows  that  the  sequence  {/„}  is 
fundamental  in  measure  y  on  every  set  E  G  R.  Thus  there  is  a  ^-measurable 
function  /  such  that  lim„^x  /„  =  /  in  measure  y  on  every  set  E  G  R.  Passing,  if 
necessary,  to  a  subsequence,  we  may  assume  that  {/„}  converges  to  /  ^-almost 
everywhere,  and  consequently,  M- almost  everywhere.  Further,  for  every  Borel 
set  E  we  put  Nn(E )  =  jEfn(u)M{du),  (n  =  1,2,  •••).  Of  course,  Nn  is  a 
stochastic  measure  whose  domain  is  the  field  of  all  Borel  subsets  of  the  real  line. 
Moreover,  by  (2.10),  for  each  set  E  the  sequence  {Nn(E)}  is  fundamental  in  X, 
and  consequently,  converges  to  an  element  N(E)  of  X.  By  the  generalized 
Nikodim  theorem  (see  [2],  p.  321),  the  set  function  N  is  a  stochastic  measure 
defined  on  the  field  of  all  Borel  subsets  of  the  real  line.  Moreover,  by  \  itali-Hahn- 
Saks  theorem  ([2],  p.  158),  lim„_»  Nn(En)  =  0  whenever  lim,,-,*  y{E„)  =  0  and 
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Un-iEn  gR.  Hence,  and  from  the  convergence  theorem  in  ([2],  p.  325),  it 
follows  that  the  function  /  is  M-integrable  over  every  set  E  e  R  and 

(2.12)  N(E)  =  lim  f  fn(u)M(du)  =  [  f(u)M(du). 

Since  by  lemma  2.1  the  integrals  jEnf  (u)M(du)  are  independent  for  disjoint  sets 
Ei,  E2,  •••  gR  and  the  series  =  i  §En f (u)M (du)  is  convergent  in  to 
Ar(U”=i  En ),  we  infer  that  the  function  /  is  M-integrable  over  the  whole  line  and 
that  the  limit  limn_oo  /“« fn(u)M(du)  =  fiu)M{du).  Thus  the  set 
(J-oo  g{u)M{du ):  g  E  L(M )}  is  closed  in  X,  which  completes  the  proof  of  the 
first  statement. 

The  uniqueness  of  the  integral  representation  for  elements  of  [ M ]  is  a  conse¬ 
quence  of  lemma  2.2.  Indeed,  if  /*«,  f(u)M(du)  =  g(u)M(du)  and  E(c)  = 
{u:  | f(u)  —  g(u) |  >  c},  (c  >  0),  then  lemma  2.2  and  a  reasoning  based  on  an 
analogue  of  inequality  (2.10)  yield  the  formula  M(E  fi  E(c))  =  0  for  all  sets 
E  E  R.  Thus,  the  set  { u:f(u )  ^  g(u)}  is  an  Af-null  set  which  completes  the 
proof. 

As  a  consequence  of  theorem  2.1  we  get  the  following  corollary. 

Corollary.  The  space  L(M)  becomes  a  Banach  space  under  the  norm 

ll/llo  =  ||Jr»/(«)Af(rf«)||. 

Let  Ro  be  the  class  of  all  bounded,  semiclosed  intervals  of  the  form  (a,  6].  An 
A'-valued  function  N  defined  on  R0  is  said  to  be  a  stochastic  interval  function  if 
the  random  variables  N(I i),  N(h),  •  •  •  ,  N(I„ )  are  independent  for  every  system 
1 1,  /2,  •  •  •  ,  In  of  disjoint  intervals  from  R0,  N(Ji  U  J 2)  =  N(J  1)  +  N(Jd)  when¬ 
ever  J\  and  J2  are  disjoint  with  Ji  U  J2  G  R0  and  limr^6+  Ar((a,  c])  =  N((a,  6]) 
for  all  intervals  (a,  6].  It  is  clear  that  each  stochastic  measure  on  R  induces  a 
stochastic  interval  function  on  R0.  In  the  investigation  of  completely  non- 
deterministic  processes  the  following  extension  theorem  will  be  used. 

Theorem  2.2.  If  N  is  an  X-valued  stochastic  interval  function  on  R0,  then 
there  is  a  unique  X-valued  stochastic  measure  M  on  R  such  that  M(E)  =  N(E) 
whenever  E  E  Ro. 

Proof.  Setting  A(U”=i  If)  =  i  A r{If)  for  disjoint  intervals  Ih  I2,  •  •  •  , 

In  e  R0,  we  extend  the  function  N  onto  the  ring  R*  consisting  of  all  finite  unions 
of  intervals  from  R0.  We  shall  prove  that  N  is  countably  additive  on  R*. 

First  we  note  that,  in  view  of  (1.1),  the  inequality 

(2.13)  \\N(Ei)\\  <  ||AT(£2)||  for  Ex  C  Et 

holds.  Further,  for  any  linear  functional  F  in  X  we  define  a  scalar-valued  set 
function  NF{E )  =  F(N(E ))  on  R*.  Of  course,  NF  is  finitely  additive  on  R+  and, 
by  (2.13),  is  bounded  on  every  finite  interval.  Moreover,  limc_>b+  NF((a,  c])  = 
NF((a,b]).  Hence,  it  follows  that  NF  is  of  bounded  variation  on  every  finite 
interval  (see  [2],  p.  97).  Consequently,  it  is  countably  additive  on  R*.  Let 
Eh  E%,  •  •  •  be  a  sequence  of  disjoint  sets  from  R*  with  ULi  En  E  R*.  By  (2.13) 
we  have  the  inequality 
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(2.14)  L  N(En)  <  n(0  En)  ,  (k  =  1,  2,  •  •  •)• 

Hence,  and  from  the  independence  of  A^TA),  N(E2),  •  •  •  ,  it  follows  that  the 
series  2Z“=i  N(En)  converges  in  X  (see  [1],  p.  338).  Since 

(2.15)  f(EATO)  =  £/(*(*’»))  =  F  (-V  (  jj  A’,.)) 

for  all  linear  functionals  V  in  A”,  we  have  the  equation  =  i  A r(En)  = 

X ( U k  =  i  En),  which  shows  that  Ar  is  countably  additive  on  R*. 

Further,  if  Eh  E2f  •  •  •  is  an  arbitrary  sequence  of  disjoint  sets  from  R*  with 
the  union  belonging  to  R,  then,  by  (2.13),  we  have  the  inequality 

(2.16)  ||  £  N(E„)  I  <  |!.V(/)!1,  (k  =  I,  2,  •  ■  •) 

where  I  is  an  interval  from  R0  containing  all  the  sets  Eh  E2,  •  •  •  .  Hence,  and 
from  the  independence  of  N(Ei),  N(E2),  •  •  •  ,  we  get  the  convergence  of  the  series 
“=  1 2V(7}\,)  in  X  (see  [1],  p.  338).  Consequently,  by  Prekopa’s  extension 
theorem  ([15],  theorem  3.2,  p.  243  and  section  7)  there  is  a  unique  random  valued 
set  function  M  on  R  such  that  M(E)  =  N(E)  whenever  E  G  R*,  and  for  any 
sequence  Eh  E2,  •  •  •  of  disjoint  sets  from  R  with  the  union  in  R,  the  random  vari¬ 
ables  M (Ei),  M(E2),  •  •  •  are  independent  and 

(2.17)  M(  U  E,)  =  ±  M(Eh), 

where  the  series  converges  with  probability  1.  Since  il  1(E)  and  M(I\E)  are 
independent  and  M(E)  +  M(I\E)  =  A r(I)  whenever  I  E  R+  and  E  C  7,  the 
random  variables  \M(E)\,  (E  e  R)  have  a  finite  expectation.  Thus,  by  theorem 
5.2  in  ([1],  p.  339),  the  set  function  M(E)  —  EM(E)  is  a  stochastic  measure  on 
R  whose  restriction  to  R*  coincides  with  N(E).  Now,  taking  into  account  the 
uniqueness  of  the  extension  M,  we  infer  that  EM (E)  =  0.  Hence,  by  simple 
reasoning,  we  get  the  relation  M(E)  e  X  for  all  E  E  R.  Thus  M  is  an  X-valued 
stochastic  measure,  which  completes  the  proof. 

3.  Homogeneous  stochastic  measures 

Let  [Ti]  be  a  one-parameter  strongly  continuous  group  of  operators  in  X 
preserving  the  probability  distribution.  An  A'-valued  stochastic  measure  M  is 
said  to  be  {T J -homogeneous  if  for  each  set  E  E  R  the  equation  TtM(E)  = 
M(E  +  t),  (  —  oc  <  t  <  oo )  holds.  Here  E  +  t  denotes  the  set  [u  +  t:  u  E  E)  • 
It  is  clear  that  each  X-valued  [Tt)  -homogeneous  stochastic  measure  M  induces 
an  X-valued  homogeneous  stochastic  process  {//<}  with  independent  increments, 
continuous  in  the  sense  of  mean  convergence  and  such  that 

(3.1)  M((a,  5])  =  yb  -  ya,  (a  <b). 

Conversely,  by  theorem  2.2,  for  any  X-valued  homogeneous  stochastic  process 
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{yt}  with  independent  values  and  continuous  in  the  sense  of  mean  convergence, 
formula  (3.1)  uniquely  determines  an  Ar-valued  {Tt} -homogeneous  stochastic 
measure  M. 

Let  M  be  an  X-valued  {Tt} -homogeneous  stochastic  measure.  By  the  L6vy- 
Khintchine  representation  of  infinitely  divisible  distributions,  the  logarithm  of 
the  characteristic  function  h(v,  E)  of  M(E),  ( E  e  R)  is  given  by  the  formula 

(3.2)  log  h(v,  E)  =  ic\E\v  +  \E\  J  ^  (eiv'1  -  1  -  ^-~-dG(u), 

where  G  is  a  bounded  monotone  nondecreasing  continuous  on  the  right  function 
with  G{— oo )  =  0,  c  is  a  real  constant,  and  \E\  denotes  the  Lebesgue  measure  of 
the  set  E  (see  [1],  p.  419).  Further, 


(3.3) 


P/(£)||  =  E\M(E)  |  =  - 


TT  JO 


1  -  Reh(v,  E) 


dv 


(see  [0],  theorem  4.1,  p.  274).  One  can  easily  prove  that  E\M (E)\  is  finite  if  and 
only  if  J**,  \u\  dG(u)  is  finite.  Moreover,  EM(E)  =  0  if  and  only  if  c  = 
—  J"oo  udG(u).  Thus,  by  (3.2),  h(v,  E)  is  the  characteristic  function  of  M{E) 
for  an  X-valued  {Tt} -homogeneous  stochastic  measure  M  if  and  only  if 


(3.4) 


log  h(v,  E)  = 


ivu 

1  +  vd 


ivu 3  \ 

1  +  id) 


1  +  u 2 

u2 


dG(u), 


where  G  is  a  monotone  nondecreasing  continuous  on  the  right  function  with 
G(—  oo )  =  0  and  [u\  dG(u )  <  <*>.  Moreover,  formula  (3.4)  determines  the 

function  G  uniquely. 

From  (3.3)  and  (3.4)  it  follows  that  M(E)  =  0  if  and  only  if  \E\  =  0  for  any 
measure  M  which  is  not  identically  equal  to  0.  Thus,  for  such  measures  the  class 
of  il/-null  sets  coincides  with  the  class  of  all  sets  of  Lebesgue  measure  0. 

In  this  section  we  shall  give  a  complete  description  of  the  spaces  L(M )  for 
{Tt}  -homogeneous  stochastic  measures  M.  First  of  all,  we  shall  quote  the 
definition  of  Orlicz  spaces  which  are  a  natural  generalization  of  the  L'-spaces 
(see  [9],  [11],  and  [14]). 

Let  4>  be  a  monotone  nondecreasing  and  continuous  for  u  >  0  function  vanish¬ 
ing  only  at  u  =  0  and  tending  to  »  as  u  — >  ».  Two  such  functions  <f>  and  ^  are 
called  equivalent,  in  symbols  4>  Mq  if  a^{biu)  <  4 '(u)  <  a&ib-ui)  for  all 
u  >  0  and  for  some  positive  constants  ah  a2,  bh  and  b2. 

Let  A(<1>)  be  the  class  of  all  Lebesgue  measurable  functions  /  defined  on  the 
real  line  for  which  the  integral  f*x  4>(|/(w)|)  du  is  finite.  Moreover,  we  denote 
by  A*(4>)  the  class  of  all  functions/  such  that  af  E  A(F),  a  being  a  positive  num¬ 
ber,  in  general  depending  on/.  The  space  A*(4>)  is  linear  and  A(4>)  is  its  convex 
subset.  In  the  space  A*(4>),  a  nonhomogeneous  norm  can  be  defined  as  follows: 
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The  space  A*(4>)  becomes  a  complete  linear  metric  space  under  this  norm  and  is 
called  a  generalized  Orlicz  space.  If,  in  addition,  the  function  4>  is  convex,  then 
A*(4>)  is  called  an  Orlicz  space.  In  this  case,  A*(4>)  is  a  Banach  space  or,  more  pre¬ 
cisely,  a  homogeneous  norm  equivalent  to  ||  ||*  can  be  introduced  in  A*(4>).  Of 

course,  two  equivalent  functions  and  4'  define  the  same  generalized  Orlicz 
spaces. 

We  say  that  the  function  4>  satisfies  condition  (*)  if  there  is  a  positive  constant 
c  such  that 


(3.6) 
and 

(3.7) 


u2$(v)  <  cv2$(u) 


lim 

u— *0  + 


4>(w) 

u 


=  0. 


for  all  v  >  u  >  0 


It  is  clear  that  the  equivalence  relation  preserves  condition  (*).  It  is  very  easy 
to  verify  that  the  functions  uv  (1  <  p  <  2),  (1  +  u)  log  (1  +  u)  —  u,  and 


(3.8) 


4>(w)  = 


if  0  <  u  <  1 

if  u  >  1 


satisfy  condition  (*). 

In  the  sequel  the  stochastic  measure  identically  equal  to  0  will  be  called  trivial. 
The  following  theorem  gives  a  complete  description  of  the  spaces  L(M )  for 
nontrivial  {Tt} -homogeneous  stochastic  measures  M. 

Theorem  3.1.  For  every  nontrivial  {T <} -homogeneous  stochastic  measure  M 
there  exists  a  convex  function  satisfying  condition  (*)  such  that  L(M)  =  A*(4>), 
and  consequently,  L(M)  is  an  Orlicz  space.  Conversely,  to  every  convex  function  <t> 
satisfying  condition  (*)  there  corresponds  a  nontrivial  {T t] -homogeneous  stochastic 
measure  M  such  that  L(M)  =  A*(4>).  Moreover,  if  G  is  the  Lev y-Khintchine  function 
corresponding  to  M,  then 


(3.9)  4>(w)  ~  u  f_x  min  {u,  M-1)(l  +  v2)  dG(v). 

Proof.  First  we  note  that,  without  loss  of  generality,  we  may  restrict 
ourselves  to  symmetrically  distributed  stochastic  measures.  In  fact,  given 
an  arbitrary  {T(} -homogeneous  stochastic  measure  M,  we  put  M0(E)  = 
M(E)  -  M'(E),  (E  E  R),  where  M'  and  M  are  independently  and  identically 
distributed.  It  is  easy  to  verify  that  il/o  i*  a  symmetrically  distributed  {Tt}- 
homogeneous  stochastic  measure  and  L(d/0)  =  I  AM). 

Let  M  be  a  nontrivial  symmetrically  distributed  {T t)  -homogeneous  stochastic 
measure  and  G  its  L6vy-Khintchine  function.  Put 


/  00  1  W2 

(3.10)  H(v)  =  /  (1  —  cosvu) — —2 — dG(u). 

j  —  oo  y* 

From  (3.4)  it  follows  that  the  characteristic  function  h(v,  f)  of  the  integral 
J  *  f(u)M(du),  (/  G  L(M))  is  given  by  the  formula 
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(3.11)  h(v,f)  =  exp  (-  H(v\f(u)\)  dw)- 


Moreover,  by  theorem  4.1  in  ([6],  p.  274), 


(3.12) 
Setting 

(3.13) 


/  ( u)M  ( du ) 


2 
7T  JO 


1  -  A(l>,/) 


V- 


dv. 


*(,,)  = "  /-(/.  '  rfw)  nir rfG  w’ 


we  obtain  a  monotone  nondecreasing  continuous  function  for  u  >  0  vanishing  at 
the  origin  only  and  tending  to  °o  as  u  — >  «> .  One  can  prove  the  existence  of  a 
positive  constant  c  such  that  the  inequality 


(3.14) 


cos  w 


iv* 


die  <  CT-1 


V- 


—  cos  w 


dw 


is  true  for  all  y  >  x  >  0.  Hence,  and  from  (3.13),  we  get  the  inequality  v~2^(v)  < 
cu~2ty(u)  for  all  v  >  u  >  0.  Consequently,  the  function  \I>  satisfies  inequality 
(3.6).  Moreover,  by  (3.13),  limu_,o+  'k(u)/u  =  0.  Thus  the  function  'k  satisfies 
condition  (*). 

Now  we  shall  prove  the  equation  L{M)  =  A*  (40.  Given  a  positive  number  a 
and  a  function/  e  L(M),  we  put  m(a,f )  =  mino  <v<ah(v,f).  Taking  into  ac¬ 
count  (3.11)  and  (3.12),  we  get  the  inequality 


(3.15) 


>  - 


2  f  1  -  h(v,f) 


dv  > 


2 m(a,  f ) 


7T  Jo 


2  m(a,  f ) 


ira 


*(«I/(m)I)  du- 


Consequently,  /  e  A*(4^).  Moreover,  by  (3.5), 
(3.16)  ll/ll*  <  a-' 


J  H(v\f(u)\)  du  dv 


whenever 


ll/llo  < 


2  m(a,  f) 
xa2 


Since  the  mean  convergence  implies  the  convergence  in  probability,  we  infer  that 
limn_>oo  m(a,fn)  =  1  for  every  a  >  0  whenever  limn-**  ||/n||o  =  0.  Consequently, 
by  (3.16),  the  convergence  in  the  norm  )|  |j0  implies  the  convergence  in  the  norm 

||  ||*  in  L(M).  Further,  from  (3.11)  and  (3.12),  by  a  simple  computation,  we 

get  the  inequality 

(3.17)  H/llo  <  -  f  1  ~  h^tf)  dv  +  —  <-\°r*{  H(v\J(u)\)  du  dv 

IT  Jo  y  iva  -K  J  0  J  -O 0 

+  \  <  —  f  *(a|/(?0|)  du  +  — , 

xa  xa  J  -  *  xa 

which,  by  (3.5),  implies  the  relation 

(3.18)  ll/ll.  <-\\f\\l  +  -  11/11*. 

X  X 
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Thus  both  norms  ||  [[0  and  j|  !/,  arc  equivalent  in  L{M),  and  consequently, 

L(M)  is  complete  in  the  norm  ||  |j*. 

From  condition  (*)  we  get  for  all  u  >  0  the  inequality  ^(2u)  <  4 cF(m),  that 
is,  the  A2-condition  for  'P.  Consequently,  the  set  of  simple  functions  vanishing 
outside  a  finite  interval  is  dense  in  the  space  A* ('l')  (see  [1 1],  theorems  3.5  and 
3.52,  p.  155  and  theorem  3.53,  p.  150).  Since  all  simple  functions  vanishing  out¬ 
side  a  finite  interval  are  d/'-integrable,  the  set  L(M)  is  dense  in  A*(4>).  Conse¬ 
quently,  L(l\[)  =  A* ('I')  because  of  completeness  of  L(M)  in  the  norm  ||  ||*. 

Further,  the  norm  ||  ||0  equivalent  to  |j  |]^  is  homogeneous.  Thus,  by  the 

Mazur-Orlicz  theorem  ([14],  theorem  0,  p.  119;  see  also  [13],  theorem  2.3,  pp. 
110-111),  the  function  4'  is  equivalent  to  a  monotone  nondecreasing  continuous 
convex  function  4>.  Of  course,  the  function  4>  also  satisfies  condition  (*),  and 
L(M)  is  the  Orlicz  space  A*(4>).  Moreover,  from  (3.13),  by  standard  arguments, 
we  obtain  (3.9). 

Now  suppose  that  <t>  is  a  monotone  nondecreasing  convex  continuous  function 
satisfying  condition  (*)  and  tending  to  cc  as  u  — >  oc .  Then  the  function  Q0(u )  = 
${u)/u  is  monotone  nondecreasing  and  continuous  for  u  >  0.  Moreover,  by 
condition  (*),  Q0(0)  =  0  and  (Q0(v)/v)  <  c(Q0(u)/u)  whenever  v  >  u  >  0.  Con¬ 
sequently,  by  theorem  2.7  in  ([12],  p.  333),  there  exists  a  concave  nondecreasing 
continuous  function  Q  with  Q(0)  =0  equivalent  to  Q0.  Let  q  be  the  right-sided 
derivative  of  Q.  Since  Q(u )  >  uq(u),  we  have  the  formula  lim„->o+  uq(u )  =  0. 
Moreover,  q(n)  tends  to  a  finite  limit  as  u— >  ^ .  Hence,  it  follows  that  both 
integrals 


(3.19) 

are  finite.  Put 


1  +  u- 


dq(u)  and 


(3.20) 

and 


a  =  lim  q(j i),  b 

n — >  x 


1  +  U- 


(3.21) 


0(v)  = 


a  -p  b  —  2 


u 


Jv-i  1  +  u2 
u" 

1  +  n 


dq{u) 
,  <lq(u) 


if  v  >  0, 
if  v  <  0. 


The  function  G  is  bounded  monotone  nondecreasing  and  (/(  —  «)  -  0.  Moreover, 
the  finiteness  of  J0°°  (m/1  +  u 2)  dq(u)  implies  the  existence  of  the  absolute 
moment  |m|  dG(u).  Consequently,  G  is  a  Levy-Khintchinc  function  for  a 
nontrivial  {Tt} -homogeneous  stochastic  measure  M.  By  simple  computations 
we  get  the  formula 

(3.22)  u  J  min  (m,  [c|_1)(l  +  v 2)  dG(v)  =  uq(u)  ~  4>(m), 

which,  by  (3.9),  gives  the  equation  L(.U)  =  A*(4>).  The  theorem  is  thus  proved. 
It  should  be  noted  that  the  function  4>  defined  by  (3.8)  corresponds  to  Poisson 
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stochastic  measures.  Moreover,  it  corresponds  to  stochastic  measures  for  which 
both  integrals  J"M  u?  d.G(u)  and  Jr*  dG(u)/\u\  are  finite.  Further,  the  function 
=  u>’,  (1  <  p  <  2)  corresponds  to  a  stable  stochastic  measure  with  ex¬ 
ponent  p. 

4.  Completely  nondeterministic  processes 

Throughout  this  section  {.r,}  will  denote  a  completely  nondeterministic 
process.  The  process,  identically  equal  to  0,  is  obviously  completely  nondetermin¬ 
istic.  It  will  be  called  trivial. 

The  predictors  {A  ,}  of  {a-/}  define  the  family  {A  (I)}  (7  E  R«)  of  operators  in 
[.r,]  by  means  of  formula  (l.fi).  Taking  into  account  the  definition  (1.2),  we  have 
the  equation 

(4.1)  TtA  (7)  =  A  (I  +  t)Tt. 

Moreover,  by  (1.1)  and  lemma  1.2,  for  any  x  E  [.r,], 

(4.2)  |L4(7)a‘S|  <  ||A(/).r||  whenever  7  C  -7. 

Since  for  t  <  0,  xo  =  A((t,  0]).r0  +  Atx0  and  lim<-*-»  A ,.r0  =  0,  we  have  the 
relation  x0  E  [A(I)x:  I  E  R(l,  x  E  [.r<]].  Consequently, 

(4.3)  [xt]  =  [A{l)x:I  6R0,x  g  [.r,]]. 

Lemma  4.1.  Let  F  be  a  linear  junctional  in  [X<],  g  a  scalar  continuous  function 
U'ith  g(  0)  0,  and  y  an  clement  of  [a.-/].  If  for  all  I,  J  E  R0  contained  in  the  interval 

(0,  a]  the  equation 

(4-1)  if  A  (/)  ff  d(l)  T,A  (./);/  dl)  =  0 

holds ,  then  F(A((0,  a])y)  =  0. 

Proof.  We  note  that  the  integral  in  (4.4)  is  taken  in  the  sense  of  Bochncr 
(see  [5],  p.  78).  Given  e  >  0,  there  exists,  in  virtue  of  (l.fi)  and  (4.1),  a  decom¬ 
position  of  the  interval  (0,  a]  into  disjoint  intervals  Ily  /2,  •  •  •  ,  In  belonging  to 
R0  such  that 

(4.5)  max  \\A(Ij)y\\  <  e. 

i  </ 

Moreover,  we  may  assume  that  the  length  of  these  intervals  is  so  small  that 
\Ij\  +  h  <  a  (j  =  1,  2,  •  •  •  ,  n),  where  h  is  a  positive  number  less  than  a.  Put 
Jj  =  (dj  —  h,  bj  A-  h]  Pi  (0,  a]  if  7,  =  («;,  &/]•  Since,  by  (1.7)  and  (4.1), 
A(I j)TtA(J j)  =  0  whenever  |/|  >  |7;|  +  h,  we  have  the  formula 

(4.0)  A(Ij)  f  _t+i^^g(t)T,A(Jj)i/iH  =  0. 

Consequently, 

(4.7)  A  (I,)  j°a  !i(l ) TtA  (J,)U  dl  -  A  (I;)  ff  g(t ) T,A  (./;)</  dt 

+  '></,)  7<„,<W+,  dW‘A(Xh<U. 
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Further,  by  (1.7)  and  (4.1),  A(Ij)TtA((0,  a]\Jj)  =  0  whenever  \t\  <  h,  and 
consequently, 

(4.8)  A(Ij)  j*hg(t)T,A((  0,  a])y  dt  =  A(I,)  fihg(t)T,A(Ji)y  dt, 
which  together  with  (4.7)  implies  the  formula 

(4.9)  A((0,a])  [k  g(t)TtA((0,a])ydt  =  £  A  (If)  f  g(t)T tA{J f)y  dt 

J-h  /=  1  J-h 

=  £  A(Ij)  r  g(t)T tA(J j)y  dt  —  £  A  (I,)  f  g(t)TtA(J j)y  dt. 

j=  1  J—  a  )  =  1  Jh  <|t|  <!/ji  +h 

Hence  and  from  (4.4)  we  get  the  equation 

(4.10)  F(/t((0,a])  f\(t)T,A((0,a])ydt) 

=  -tdA(I,)  f  g(t)T,A(J,)ydt)- 

y=i  \  .M<!<i<i/,m  / 

But,  in  view  of  (4.2)  and  (4.5), 

<4-“) 

<  fh<mim+h  vV)\\A(h  Pi  (/,  +  i))l/ll  dt  <  tq\I,\ 
where  q  =  max|<[<a  \g(t)\.  Consequently, 

(4.12)  \f(a«0,  a})  jh_h  g(t)TM(0,  a]),j  dl)|  <  ega||F||. 

Since  e  can  be  chosen  arbitrarily  small,  the  last  inequality  implies 

(4.13)  F(A((0,  a])  J*h  g(t)T,A(( 0,  a])y  dt )  =  0 

for  all  positive  numbers  h  less  than  a.  Hence,  dividing  by  2 h  and  passing  to  the 
limit  as  h  — >  0,  we  obtain,  in  view  of  the  assumption  g( 0)  9^  0,  the  equation 
jF(A((0,  a])y)  =  0,  which  completes  the  proof. 

Lemma  4.2.  Suppose  that  the  process  is  nontrivial.  The  stochastic  interval 
function  M0,  defined  on  R0  by  the  formula 

(4.14)  lfo((a,  6])  =  A  ((a,  b ])  f*  e~'TtXo  dt, 

can  be  extended  to  an  [x,]-valued  stochastic  measure  on  R.  The  class  of  M0-null  sets 
coincides  with  the  class  of  Lebesgue  null  sets.  Moreover,  for  any  interval  I  E  R0,  the 
equation 

(4.15)  [M0(J):J  e  R0,  J  C  /]  =  A(I)[xt] 
holds,  and  for  E  gRJ  e  L(M0), 

(4.111)  .4(7)  jj(u)M„(du)  =  /Kn,/(»)-V.(rf«). 
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Proof.  Since  A0:ro  =  x0,  for  all  numbers  c  less  than  a,  we  have  the  equation 

(4.17)  A((a,  6])  fc°  e-tTtXo  dt  =  0. 

Consequently, 

(4.18)  M0((a,  6])  =  A  {{a,  b])  J~  er<Ttx 0  dt,  (c  <  a). 

Hence,  in  particular,  it  follows  that  M0(Ji  U  J 2)  =  M0(Ji)  +  for  disjoint 

intervals  Jh  «/2  with  the  union  in  R0.  Moreover,  by  lemma  1.2,  the  random 
variables  M0(1 1),  M0(h),  •  •  •  ,  M0(I„)  are  independent  whenever  Ih  Z2,  •  •  •  ,  Z„ 
are  disjoint.  Further,  from  (1.2)  and  (1.6),  the  relation  limc_,6+  M0((a,  c])  = 
Mo((a,  6])  follows.  Thus  M0  is  really  a  stochastic  interval  function  on  R0.  By 
theorem  2.2,  it  can  be  extended  to  an  [z<]-valued  stochastic  measure  M0  on  R. 
Moreover,  this  extension  is  unique.  From  (4.1)  and  (4.18),  we  get  the  equations 
A  (I)Mo(J)  =  M0(I  Pi  J),  TtM0(I)  =  elM0(I  +  t)  for  all  I,  J  e  R0.  Hence, 
taking  into  account  the  uniqueness  of  the  extension  of  M0  onto  R,  we  obtain  the 
equations 

(4.19)  A(I)Mo(E)  =  M0(I  H  E),  TtM0(E)  =  e‘M0(E  +  t), 

(J  G  Ro,  E  g  R). 

As  a  consequence  of  the  first  equation,  we  get  formula  (4.16)  for  simple  functions. 
The  general  case  can  be  obtained  by  an  approximation  of  A/0-integrable  functions 
by  simple  ones. 

Now  we  shall  prove  the  relation 

(4.20)  A  {{a,  6])  [  e~lTtxdt  e  [M0]  for  all  x  e  [ xt:t  <  0]  and  a  <  b. 

First  we  observe  that  the  set  of  elements  x  satisfying  (4.20)  is  a  subspace  of  the 
space  [a;*].  If  h  <  0,  then  by  (4.18), 

(4.21)  A  ((a,  6])  [  e-tTtThx0dt  =  ehA{{a,  6])  f  e~‘T  tx0dt  =  ehM0((a,  6]), 

J  q.  Ja-\-h 

and  consequently,  all  elements  T),x0  with  h  <  0  satisfy  (4.20).  Thus  all  elements 
x  e  [xt:t  <  0]  satisfy  (4.20). 

The  inclusion  [M0(J):  J  E  R0,  J  C  I]  C  A{I)[xt}  is  obvious.  By  the  second 
equation  (4.19),  it  suffices  to  prove  the  converse  inclusion  for  intervals  I  of  the 
form  (0,  a].  Suppose  that  there  is  an  element  y  in  A((0,  a])  [ xt ]  which  does  not 
belong  to  [ M0(J):J  E  R0,  J  C  (0,  a]].  There  exists  then  a  linear  functional  F 
on  [rr*]  vanishing  on  [M0(J):J  E  Ro,  J  C  (0,  a]],  and  such  that  F(y )  =  1. 
Given  two  intervals  I,  J  e  R0  contained  in  (0,  a],  we  put 

(4.22)  z{I,  J)  =  eaA  (I)  f“  e~<T  tT-aA(J)y  dt. 

Since  T-aA(J)y  E  [xt:t  <  0],  we  have,  by  (4.19)  and  (4.20),  the  relation 

(4.23)  z(I,  J )  E  [ M0(U ) :  U  E  Ro,  U  C  (0,  a]]. 
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Thus 

(4.24)  F(z(I,  J))  =  0. 

Further,  from  the  equation  A((0,  a])T,A(J)  —  0  for  t  >  a  we  get  the  formula 

(4.25)  2(7,  .7)  =  A  (7)  e~‘TtA  (J)y  dt. 

Hence,  by  (4.24)  and  lemma  4.1,  we  get  the  equation  F{A  ((0,  a])y)  =  0.  But 
A((0,  a])y  =  y,  and  consequently,  F(y)  =  0,  which  contradicts  the  equation 
F(y)  =  1.  Formula  (4.15)  is  thus  proved. 

By  (4.3)  and  (4.15),  the  stochastic  measure  4/0  is  not  identically  equal  to  0. 
Consequently,  the  nonnegative  measure  y0  associated  with  470  and  satisfying 
conditions  (2.2)  and  (2.3)  does  not  vanish  identically.  From  (4.19)  it  follows  that 
the  class  of  M 0-null  sets,  and  consequently,  Mo-null  sets  is  invariant  under  trans¬ 
lations.  Thus,  it  coincides  with  the  class  of  Lebesgue  null  sets  (see  [3],  chapter 
IV,  section  5)  which  completes  the  proof  of  the  lemma. 

Theorem  4.1.  For  each  completely  nondeterministic  process  {.r,}  there  exists 
an  [ Xt]-valued  {T <} -homogeneous  stochastic  measure  47  such  that  for  any  interval 
I  G  Ro, 

(4.26)  [M(J) :  J  e  Ro,  <7  C  7]  =  A  (7)0,]. 

Proof.  For  a  trivial  process  {.r<}  the  trivial  measure  47  satisfies  the  assertion 
of  the  theorem.  Suppose  that  the  process  {xt}  is  nontrivial.  First  we  shall  prove 
that  there  exists  an  element  y0  belonging  to  A((0,  1])  [.r<]  such  that 

(4.27)  A((0,  1])  f'x  Tty0dt  *  0. 

Contrary  to  this,  let  us  suppose  that  A((0,  1])  /-  i  ^  tZ  ^  ^01  ~  G 

A((0, 1])  [arf].  Given  an  element  y  5*  0  in  A((0, 1])  [>,],  there  is  a  linear  functional 
F  on  [xt]  with  F(y)  =  1.  Since  for  any  interval  J  G  Rn  and  contained  in  (0,  1], 

A((0,  1])  J'x  TtA(J)y  dt  =  0,  we  have,  by  (1.7),  A  (7)  TtA(J)ydt  =  0  for 

all  intervals  7  G  Ro  and  contained  in  (0,  1].  Hence,  by  lemma  4.1,  F(A((0,  l])y) 
=  0,  which,  in  view  of  the  formula  A((0,  l])y  =  y,  contradicts  the  equation 
F(y)  =  1.  Thus  (4.27)  holds  for  an  element  t/0  in  A((0,  1])  [xt]. 

Put 

(4.28)  4/ ((a,  6])  =  A  ((a,  h])  Tty0  dt. 

Taking  into  account  the  formula  A((0,  l])//u  =  //o,  we  get  the  equation 

(4.29)  47((a,  h])  =  A  ((a,  &])  J*  T,y0  dt 

for  d  >  h  and  c  <  a  —  1.  Hence,  it  follows  that  M (./iU/s)  =  47 (,7j)  +  4/ (./2) 
for  disjoint  intervals  «7j,  J-i  with  J\  U  £  Ro-  Moreover, 

(4.30)  A  (7)47 (J)  =  4/(7  D  J) 

for  all  7,  J  G  R0.  The  relation  limc_*&+  47 ((a,  c])  =  4/((a,  h])  is  evident.  Conse- 
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quently,  by  lemma  1 .2,  M  is  a  stochastic  interval  function  on  R0.  By  theorem  2.2, 
it  can  be  extended  to  a  stochastic  measure  M  on  R,  and  this  extension  is  unique. 
By  (4.1)  and  (4.28),  TtM(I)  =  M  (I  +  t)  for  I  £  R0.  Taking  into  account  the 
uniqueness  of  the  extension  we  have  the  formula  TtM(E)  =  M(E  -j-  t)  for  all 
E  £  R.  Thus,  the  stochastic  measure  M  is  {Y’J  -homogeneous.  Further,  from 

(4.30) ,  we  get  the  inclusion 

(4.31)  [M(J) :  J  £  R0,  J  C  /]  C  A(I)[xt]. 

Let  Mo  be  the  stochastic  measure  defined  by  formula  (4.14).  From  formulas 
(4.15),  (4.1G),  (4.30),  (4.31),  and  theorem  2.1,  we  get  the  existence  of  a  function 
g  £  L(M0)  satisfying  the  equation 

(4.32)  31(H)  = 

for  all  E  £  R.  Since  by  (-1.27)  M  ((0,  1  ])  ^  0,  the  class  of  4/-null  sets  is  the  class  of 
sets  of  Lebcsguc  measure  zero,  and  consequently,  coincides  with  the  class  of 
4/o-null  sets.  Thus,  the  function  g  differs  from  0  almost  everywhere  with  respect 
to  both  measures  M  and  M 0.  From  (4.32)  we  get  the  formula 

(4.33)  ft.f(u)M(,du)  =  /„/(»)</(«). )/„(</«) 

for  all  sets  E  £  R  and  all  simple  functions  /.  Let  {/„}  be  a  sequence  of  simple 
functions  such  that  |/„(w)|  <  \g(u)\~l  and  limfi_»«, /„(w)  =  g(u)~l  Mo- almost 
everywhere.  Then,  by  the  theorem  on  dominated  convergence  (see  [2],  p.  328) 
and  formula  (4.33),  we  have  the  relation 

(4.34)  Mo(I)  =  lim  Un(n)g(u)M0(du)  €  [M(J):J  £  R„,  J  C  /], 

n— >oe  J* 

which,  together  with  (4.15)  and  (4.31),  implies  (4.20).  The  theorem  is  thus 
proved. 

Now  we  shall  prove  a  representation  theorem  for  nontrivial  completely  noil- 
deterministic  processes. 

Theorem  4.2.  Lei  (.r/)  Ic  a  nontrivial  completely  nondeterministic  process. 
Then  there  exist  an  [x,]-valucd  nontrivial  { Tt)  -homogeneous  stochastic  measure  M 
and  a  function  f  belonging  to  the  Orlicz  space  L(M)  such  that 

(4.35)  [M (,/) :  J  6R„,  J  C  (-*,0]]  =  [x,:t  <  0] 
and 

(4.30)  xt  =  jl_xKu  ~  t)M{du). 

Conversely,  if  M  is  a  nontrivial  {Tt}  -homogeneous  stochastic  measure  and  f  £  L(M), 
then  the  process  (4.36)  is  nontrivial  and  completely  nondeterministic,  provided  equa¬ 
tion  (4.35)  holds. 

Proof.  Given  a  nontrivial  completely  nondeterministic  process  {.r,} ,  there 
exists,  by  theorem  4.1,  a  nontrivial  [a'd-valued  {7\} -homogeneous  stochastic 
measure  M  satisfying  condition  (4.35).  Hence,  by  theorem  2.1,  we  get  the 
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existence  of  a  function  /  E  L(M )  such  that  x0  =  /_«  /  (u)M  ( du ).  Consequently, 
by  the  translation  property  of  {Tt)  -homogeneous  measures, 

(4.37)  xt  =  TtXo  =  J^nf(u  ~  t)M(du). 

Now  suppose  that  M  is  a  nontrivial  {Tt} -homogeneous  stochastic  measure, 
that  /  E  L(M),  and  that  the  process  {x(}  defined  by  (4.36)  satisfies  condition 
(4.35).  Then,  of  course,  [x*]  =  [M]  and,  by  theorem  2.1,  each  element  x  E  [x<] 
has  an  integral  representation  x  =  J*w  g(u)M(du)  where  g  E  L(M).  Put 

(4.38)  A0x  —  J°  g(u)M(du). 

By  (4.35)  the  linear  operator  A0  transforms  [x(]  onto  [xt:  t  <  0].  Further,  the 
conditions  (i)  and  (iii)  for  predictors  are  obvious.  In  order  to  prove  (ii),  suppose 
that  x  E  \xi\  and  for  every  y  E  [xt:t  <  0]  the  random  variables  x  and  y  are 
independent.  Hence,  in  particular,  it  follows  that  the  random  variables  x  and 
A0x  are  independent.  Since  x  —  A0x  and  A0x  are  also  independent,  we  infer  by 
simple  reasoning  that  A0x  is  a  constant  random  variable;  hence,  A0x  =  0.  Thus, 
condition  (ii)  is  also  fulfilled,  and  consequently,  A0  is  the  predictor  for  (xi)  based 
on  the  past  up  to  time  t  =  0.  Finally,  Atx  =  jL»  g(u)M(du),  which  implies 
lim^-oo  Atx  =  0.  Thus  the  process  {xt}  is  completely  nondeterministic.  Obvi¬ 
ously,  it  is  also  nontrivial,  which  completes  the  proof  of  the  theorem. 


5.  Some  concluding  remarks 


A  {Tt} -homogeneous  stochastic  measure  M  will  be  called  a  Wiener  stochastic 
measure  if  all  the  random  variables  M  ( E )  {E  E  R)  are  Gaussian.  Of  course,  a 
Wiener  stochastic  measure  is  induced  by  a  Wiener  process.  Moreover,  a 
stochastic  measure  corresponding  to  a  Gaussian  completely  nondeterministic 
process  is  a  Wiener  stochastic  measure.  From  the  Skitovich  results  ([16],  theorem 
1,  p.  362),  it  follows  that  if  M  is  a  nontrivial  {Tt}  -homogeneous  stochastic 
measure  and  / (u)Al (du),  Ja6  g(u)M (du)  are  independent,  where  /  and  g  are 
continuous  functions  in  a  closed  interval  [a,  b]  such  that  fg  does  not  vanish 
identically,  and  at  least  one  of  the  integrals 


(5.1) 


or 


du 


exists,  then  M  is  a  Wiener  stochastic  measure.  It.  G.  Laha  and  E.  Lukacs  showed 
([7],  p.  312)  that  for  stochastic  measures  with  a  finite  variance  the  assumption 
concerning  the  existence  of  integrals  (5.1)  can  be  removed.  In  the  sequel  we  shall 
use  the  following  generalization  of  mentioned  results. 

Theorem  5.1.  Let  M  be  a  nontrivial  {T t} -homogeneous  stochastic  measure  and 
f,g  E  L(M).  If  fg  does  not  vanish  M -almost  everywhere  and  f{u)M{du), 
/-«  g(u)M  (du)  are  independent,  then  M  is  a  Wiener  stochastic  measure . 
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Proof.  By  Cramer’s  decomposition  theorem  (see  [8],  p.  271),  it  suffices  to 
prove  the  theorem  for  symmetrically  distributed  stochastic  measures  M.  Let  G 
be  the  L6vy-Khintchine  function  corresponding  to  M.  Put 

(5.2)  H(v)  =  /  (1  -  cos  vu)^-^dG{u). 

J  -  oe  ir 

Then  the  characteristic  function  of  the  integral  /*«,  / (u)M ( du )  is  given  by 
formula  (3.11).  Consequently,  the  independence  of  the  integrals  / (u) M (du) 

and  J“M  g{u)M(du)  implies  the  equation 

(5.3)  fm  H(uf(t)  +  vg(t))  dt  =  [m  H(uf(t))dt  +  f“  H(vg(t))dt 
for  all  u  and  v.  Setting 

(5.4)  Q(u,  v )  =  2 H{u)  +  2 H(v)  -  H{u  +  v)  -  H{u  -  v) 

=  2  I  (1  —  cos  tw)(l  —  cos  vx)  dG{x), 

we  get  the  inequality 

(5.5)  Q(u,  v)  >  0 

for  all  u  and  v.  Further,  from  (5.3)  we  obtain  the  equation 

(5.6)  Q(uf(t),  vg(t ))  dt  =  0 

for  all  u  and  v.  Consequently,  by  (5.5),  for  every  u  and  v  the  equation 
Q(uf(t),  vg(t ))  =  0  holds  almost  everywhere.  Since  fg  0  on  a  set  of  positive 
Lebesgue  measure,  and  H  is  a  continuous  function,  we  infer  that  Q(u,  v)  —  0  for 
all  u  and  v.  Thus,  by  (5.4),  the  function  H  satisfies  the  equation 

(5.7)  H(u  +  v)  +  H(u  -  v)  =  2 H(u)  +  2 H(v). 

The  same  arguments  as  in  the  case  of  Cauchy  functional  equation  show  that  the 
functions  H(u )  =  cu2,  where  c  is  a  constant,  are  the  only  continuous  solutions 
of  this  equation.  Hence,  and  from  (3.11),  it  follows  that  the  random  variables 
M(E),  ( E  E  R )  are  Gaussian  which  completes  the  proof. 

Theorem  5.2.  Let  M i  and  M2  be  {T t] -homogeneous  stochastic  measures  and 

(5.8)  M  C  [Mt]. 

If  M 2  is  not  a  Wiener  stochastic  measure ,  then  there  are  real  constants  c  and  a  such 
that  M\{E)  =  cM2(E  +  o)  for  all  sets  E  e  R. 

Proof.  If  the  stochastic  measure  M2  is  trivial,  then  the  assertion  is  obvious. 
Suppose  that  M2  is  nontrivial.  By  (5.8)  and  theorem  2.1,  for  any  set  E  E  R 
there  exists  exactly  one  function  fE  E  L{Mf)  such  that 

(5.9)  M,{E)  =  J"xfE(u)M2(du). 

Since  the  random  variables  fEi(u)M2(du),  f sfu)M 2{dxi)  are  independent 
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for  disjoint  sets  Eh  lu  and  472  is  not  a  Wiener  stochastic  measure,  \vc  have,  by 
theorem  5.1,  the  equation 

(5.10)  / eJ Ei  —  0  whenever  Ex  C\  E2  =  0. 

Moreover,  by  the  uniqueness  of  the  integral  representation, 

(5.11)  f iii  +  f Ei  =  fiu  u  /-;■>  if  Ei  n  Ei  =  0. 

Put  S(E)  =  { u:fn(u )  9^  0}.  The  set  S(E)  is  defined  up  to  an  472-null  set,  and 
consequently,  up  to  a  Lebesgue  null  set.  In  what  follows  two  sets  are  treated  as 
identical  if  their  symmetric  difference  is  a  Lebesgue  null  set.  From  (5.10)  and 

(5.11)  we  get  the  equations 

(5.12)  S{Ei)  H  S(E-i)  =  0,  S(Ei)  U  S(E,)  =  S {En  U  Et) 

for  disjoint  sets  Ex  and  E 2.  Further,  by  (5.10)  and  (5.11),  fs  =  /f  on  S(E)  when¬ 
ever  E  C  F.  Thus  formula  (5.9)  can  be  written  in  the  form 

(5.13)  AfiW  =  /4(£)/(«).U.(rf«), 

where  the  function/  does  not  depend  on  E  and  is  d/2-integrable  over  every  set 
S(E),  (E  G  R).  Moreover,  for  any  number  t  we  have  the  equation 

(5.14)  =  V, (K)  =  T,\rt(E  -  0 

=  [  =  f  f(u  - 

JS(K-t)J  v  7  v  7  JS(E-i)  +  tJ  v  7  v  7 

Hence,  by  the  uniqueness  of  the  integral  representation,  we  obtain  the  formula 

(5.15)  S(E)  =  S(E  -  0  +  t. 

Moreover,  f(v)  =  f(u  —  t)  ^/..-almost  everywhere  on  S(E),  (E  gR),  Oonse- 
(luently,  the  function  /  is  constant  il/2-almost  everywhere  and,  by  (5.14), 

(5.10)  MX(E)  ---  cMt(S(E)),  (E  G  R), 

where  c  is  a  constant.  If  c  =  0,  then  the  assertion  is  obvious.  Suppose  that  Nx  is 
nontrivial.  Then,  by  formula  (5.4),  we  have  the  equation  \E\  =  c0|*S(7/)|,  (E  g  R), 
where  c0  is  a  positive  constant.  For  any  simple  function  g  =  Z>  =  i  ajXKi}  (E;  £  R), 
we  put 

n 

(5.17)  Ug  =  Z  ajxs(Ki )■ 

j=  i 

By  (5.12)  and  (5.15),  the  transformation  U  is  linear  in  the  space  of  simple 
functions,  transforms  indicators  into  indicators,  commutes  with  the  translations, 
and  satisfies  the  equation 

(5.18)  (Egx){Ug2)  =  0  if  gxg2  =  0. 

Since  /“«,  \(Ug)(u)\  du  =  c„  1  J“w  \g(u)\  du,  the  transformation  U  can  be  ex¬ 
tended  to  a  linear  operator  in  the  7,-space  over  the  real  line  commuting  with 
the  translations.  Consequently,  there  is  a  finite  measure  /i  on  the  field  of  Borel 
subsets  of  the  real  line  such  that 
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(5.19)  (l  r<l)(v)  =  f_m  g(v  -  u)y{du) 

(see  [5],  theorem  21.2.3,  p.  508).  Since  U  transforms  indicators  into  indicators, 
the  measure  u  is  nonnegative.  Setting  /„  =  [  —  n,  n],  we  have,  by  (5.18)  and 

(5.19) , 

(5.20)  f_x  f_x  xiXx  ~  n)xu\i>(x  ~  v)p(du)n(dv)  =  0 
almost  everywhere.  Consequently,  the  equation 

(5.21)  X/,(t  -  m) xi,\h(x  ~  v)  =  0 

holds  for  almost  every  x  and  u  X  ^-almost  every  pair  u,  v.  But  the  left-hand  side 
of  (5.21)  is  equal  to  1  for  all  n  >  1  -f-  \u  —  v\  and  all  numbers  x  satisfying  the 
inequality  1  +  v  <  x  <  1  +  u  if  u  >  v  and  the  inequality  u  —  1  <  x  <  v  —  1 
if  v  >  u.  Thus  the  product  measure  y  X  u  is  concentrated  at  the  diagonal  u  =  v, 
and  consequently,  the  measure  /j  is  concentrated  at  a  single  point.  Hence,  and 
from  (5.19),  we  get  the  formula 

(5.22)  xs (/',')  =  I'xi-:  =  XE+a,  £  R), 

where  a  is  a  constant.  Thus  S(K)  =  K  +  a,  which  together  with  (5.10)  implies 
the  assertion  of  the  theorem. 

A  stationary  process  {.r,}  is  said  to  be  indecomposable  if  for  every  decompo¬ 
sition  .i’o  =  ijo  +  2o,  (.Vo,  Zo  e  [.iq]),  for  which  the  processes  {Ttyo}  and  {Ttz0}  are 
independent  and  completely  nondeterministic,  at  least  one  component  y0  or  z0 
vanishes. 

Theorem  5.3.  Stationary  processes  admitting  a  prediction  are  indecomposable. 
Proof.  For  Gaussian  processes  the  result  is  well-known  (see  [4],  theorem  3, 
p.  177).  Suppose  that  the  process  (jq)  is  not  Gaussian  and  set  yt  =  Ttjjo,  z<  =  TVo. 
Since  the  subspace  [xt:  t  <  a]  is  contained  in  the  direct  sum  of  subspaces 
[//<:  t  <  a]  and  [zt:  t  <  a]  and  the  processes  {y,\ ,  [z,)  are  independent  and 
completely  nondeterministic,  we  have  the  relation  flo  [.r«:  t  <  a]  —  {0}.  Conse¬ 
quently,  the  process  {xt}  is  also  completely  nondeterministic.  Let  M,  Mi,  and  M  2 
be  { 75} -homogeneous  stochastic  measures  induced  by  {#<},  {yt},  and  (z<),  re¬ 
spectively.  Of  course,  M  is  not  a  Wiener  stochastic  measure  and  [M]  3  [M{] 
and  [M]  3  [Mi].  Thus,  by  theorem  5.2,  either  [.!/  ,]  =  [M]  or  [M j]  —  {0}, 
0  =  1,  2).  13y  the  independence  of  {y,\  and  {zt]  we  have  the  eipiation  [Mi]  Pi 
[.I/2]  =  {0}.  Consequently,  either  [Mi]  =  {0}  or  [ J/2]  =  {0},  which  implies 
that  at  least  one  component,  y0  or  z(),  vanishes.  The  theorem  is  thus  proved. 

The  following  theorem  gives  a  characterization  of  Gaussian  completely  non¬ 
deterministic  processes. 

Theorem  5.4.  A  nontrivial  completely  nondeterministic  process  {xt}  is  Gaussian 
if  and  only  if  for  every  y  e  [aq]  the  process  { T,y }  admits  a  prediction. 

Proof.  The  necessity  of  the  condition  is  obvious.  In  order  to  prove  the 
sufficiency  of  this  condition,  consider  the  integral  representation  of  [xt}  in  terms 
of  a  nontrivial  [Tt] -homogeneous  stochastic  measure  M.  By  theorem  3.1,  />(4/) 
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is  an  Orlicz  space  A*(4>)  defined  by  a  convex  function  satisfying  condition  (*). 
Put  g(u)  =  e~u  if  u  >  0,  and  g(u)  =  0  if  u  <  0.  Since,  by  (3.7), 

(5.23)  [  $>(g(u))  du  =  [  ^  du  <  oc, 

J  — «  J  o  u 

the  function  g  belongs  to  L(M)  and,  consequently,  the  element 

(5.24)  ?/o  =  g(u)M(du)  =  f“  e~*M(du ) 

belongs  to  [#*].  Ptu  yt  =  Tty0.  By  the  assumption,  the  process  {yt}  admits  a 
prediction.  Further,  for  any  a  <  b,  we  have  the  formula 

(5.25)  e~aya  —  e~bijb  =  J  e~uM(du). 

First  we  shall  prove  that  the  process  yt  is  nondeterministic.  Suppose  the 
contrary.  Then  yx  e  [yt  \  t  <  0],  and  consequently,  there  is  a  sequence  zn  = 

=  i  cjn>Jti,  (tj  <  0)  convergent  to  yx.  Thus,  by  (5.25), 

(5.26)  [  e~“M (du)  =  —  e~2YV/i  =  lim  (er'zn  —  e~2rl\zn) 

J  i  '  ‘  «->» 

K  fU+'L 

=  lim  X)  Cjn  exj)  (tj  —  1)  /  e~"M(du), 

y-i  Jii 

which  shows  that 

(5.27)  c-“il/(du)  G  [M(J):  J  g  R0,  ./  C  (-«>,  1]]. 

On  the  other  hand,  the  random  variable  J2  e~“M(du)  and  each  random  variable 
from  [M(J):  J  G  R0,  J  C  (— <*,  1]]  are  independent.  Thus,  J2  c~"M(du)  =  0. 
Since  the  stochastic  measure  .1/  is  nontrivial,  the  last  equation  contradicts  the 
uniqueness  of  the  integral  representation.  Thus,  the  process  {//<}  is  nonde¬ 
terministic. 

By  the  decomposition  theorem  1.1,  yt  —  y[  +  y”  where  the  processes  {y[} 
and  {y't}  are  independent,  {y[}  is  deterministic,  and  {ly"}  is  completely  non¬ 
deterministic.  Moreover,  y[  =  Ttyo,  y”  =  Ttyd,  and  the  component  {y'/}  does 
not  vanish. 

First,  let  us  assume  that  the  component  {//,']  also  does  not  vanish.  Since 
7/o,  yd  G  [;»*/],  we  have  the  integral  representation 

(.3.28)  /(«)->/ (</«),  !/«  =  f‘"!i"(u)U(di<) 

where  g',  g"  belong  to  L(M)  and  do  not  vanish  almost  everywhere.  Moreover, 

(5.29)  y't  =  f  g'(u  —  t)M(du )  and  y"  =  [  g"(u  —  t)M(du). 

It  is  clear  that  there  are  two  numbers  tx  and  U  such  that  the  product 
g'(u  —  ti)g"(u  —  1 2)  does  not  vanish  almost  everywhere.  Since  ?//,  and  y"  are 
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independent,  we  infer,  in  view  of  theorem  5.1,  that  M  is  a  Wiener  stochastic 
measure,  and  consequently,  {xt}  is  a  Gaussian  process. 

Finally,  suppose  that  the  deterministic  component  vanishes;  then  {;/,}  is 
a  completely  nondeterministic  process.  By  the  representation  theorem  4.2, 
there  is  then  a  nontrivial  {Tt} -homogeneous  stochastic  measure  M'  such  that 
[AT]  C  [M]  and 

(5.30)  y,=  j‘_J(u-t)M'(du), 

where/  £  L(M').  Suppose  that  M  is  not  a  Wiener  stochastic  measure.  Then,  by 
theorem  5.2,  M'(E)  =  cM(E  -f  a)  where  c  ^  0  because  the  process  {yt}  is 
nontrivial.  Consequently,  by  (5.29), 

(5.31)  ijo  =  c  f{u  -  a)M(du), 

which,  by  the  uniqueness  of  the  integral  representation,  contradicts  (5.24).  Thus, 
M  is  a  Wiener  stochastic  measure,  and  consequently,  {.r<}  is  a  Gaussian  process, 
which  completes  the  proof. 
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